We calculate the current correlations for the steady-state electron transport through multi-level parallel quantum dots embedded in a short quantum wire, that is placed in a non-perfect photon cavity. We account for the electron-electron Coulomb interaction, and the para-and diamagnetic electron-photon interactions with a stepwise scheme of configuration interactions and truncation of the many-body Fock spaces. In the spectral density of the temporal current-current correlations we identify all the transitions, radiative and non-radiative, active in the system in order to maintain the steady state. We observe strong signs of two types of Rabi oscillations.
I. INTRODUCTION
Experiments [1] [2] [3] [4] [5] [6] in which the electron transport through nanoscale electronic systems placed in photon cavities, and model calculations [7] [8] [9] [10] thereof, are gaining attention in the last years.
Due to small size of the electronic systems the constant average current through the system in the steady state does not convey much information about the underlying processes, and one might expect information about radiative transitions to be lost at that time scale, or not detectable. 11 In order to remedy this situation researchers have realized that the noise power spectrum, or the noise power spectral density of a system calculated through the Fourier transform of the currentcurrent two-time correlation function can be measured experimentally. 12 Many theoretical researchers have used this to calculate the noise spectral density for electron transport through model systems in different situations using, for example, non-equilibrium Green functions, 13 Markovian master equation in the steady state, 14 or nonMarkovian master equations in the transient regime, 15 just to mention very few.
Complementary to the calculation of the noise power spectral densities of the charge current transport through electron systems on the nanoscale, the calculation of the power spectral properties of photon emission statistics of cavities with embedded electron systems has been undertaken by many more theoretical groups. 7, [16] [17] [18] Recently, we have investigated the photon correlations in the emission radiation from a photon cavity containing a short quantum wire with embedded two parallel quantum dots through which a steady state current is driven with a bias difference between two external leads. 19 There, the spectral density of the fluctuations in the radiation can be used to differentiate between the the conventional and the ground state electroluminescence in the strong electronphoton coupling regime. 7, 19 Here, we will demonstrate that in this complex interacting many-state system, the power spectral density of the temporal current-current correlations can be used to identify the underlying processes, the transitions between interacting many-body states of cavity-photon dressed electron states, that contribute to maintaining the system in its steady state.
II. MODEL
We consider a short two-dimensional GaAs quantum wire with length L = 150 nm placed in a photon cavity. We use the 36 lowest in energy single-electron states of the wire, |i , to build a many-electron Fock space of 0-3 Coulomb interacting electrons, |µ). The potential defining the short quantum wire with two parallel quantum dots displayed in Fig. 1 is
with Ω 0 = 2.0 meV, V d = −6.5 meV, β = 0.03 nm −1 , d 1 = −50 nm, d 2 = +50 nm, L x = 150 nm, and θ is the Heaviside step function. The plunger gate voltage V g is used to move the states of the system up or down with respect to the bias window defined by the external leads to be describe below.
We use as a kernel for the mutual electron-electron 
Coulomb interaction
with a small regularizing parameter η c /a w = 3 × 10
(a w being defined below), and for GaAs parameters we assume κ e = 12.4, m * = 0.067m e , and g * = −0.44. In terms of field operators the Hamitonian of the central system is
with
where A ext is a classical vector potential producing an external homogeneous small magnetic field B = 0.1 T along the z-axis, perpendicular to the plane of the twodimensional quantum wire, inserted to break the spin and the orbital degeneracies of the states in order to enhance the stability of the results. The first term in the second line of Eq. (3) is the paramagnetic, and the second term the diamagnetic, electron-photon interaction. The external magnetic field, B, and the parabolic confinement energy of the leads and the central system Ω 0 = 2.0 meV, together with the cyclotron frequency ω c = (eB)/(m * c) lead to an effective characteristic confinement energy Ω w = (ω nm for the parameters selected here. In terms of the cavity photon creation and annihilation operators, a † and a, the Hamiltonian for the single cavity photon mode is H EM = ωa † a, with energy ω. We assume a rectangular photon cavity (x, y, z)
} with the short quantum wire centered in the z = 0 plane. In the Coulomb gauge the polarization of the electric field parallel to the transport in the x-direction (with the unit vector e x ) is accomplished in the TE 011 mode, or perpendicular (defined by the unit vector e y ) in the TE 101 mode. The two versions of the quantized vector potential for the cavity field are in a stacked notation expressed as
for the TE 011 and TE 101 modes, respectively. The strength of the vector potential, A, determines the coupling constant g EM = eAΩ w a w /c, here set to 0.05 meV, or 0.10 meV, leaving a dimensionless polarization tensor
The coupling of the central system to the leads is described by the Hamiltonian
where d i is an annihilation operator for the singleelectron state |i of the central system, c ql an annihilation operator for an electron in lead l ∈ {L, R} in state |q , with q standing for the momentum q and the subband index n l in the semi-infinite quasi-one dimensional lead. The coupling tensor T l qi depends on the nonlocal overlap of the single-electron states at the internal boundaries in the central system and the respective lead.
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This setup is intended for a weak tunneling coupling of the central system with the leads, but allows allows for full coupling between the quantum dots and the rest of the central system, like in a scattering approach.
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The remaining overall coupling constant to the leads is g LR a 3/2 w = 0.124 meV, in the weak coupling limit used here.
As we are interested in the properties of system in the steady state here, we transform a non-Markovian master equation built according to the projection formalism of Nakajima 24 and Zwanzig 25 to a Markovian equation 26 for the reduced density operator of the central system
where the last two terms in the first line describe the "dissipation" caused by the Left and Right leads. The dissipation terms are constructed with terms up to second order in the coupling Hamiltonian (7), but without resorting to the rotating wave approximation, as more than one resonance with the photon field can be active to some extent in the system for each set of parameters used in the calculations. The dissipation terms in Eq. (8) are
with θ(t) the Heaviside unit step function, τ l the manybody version of the coupling tensor of lead l, and
where
The density of states in leads l is D l (ǫ) = |dq/dǫ|, and we have defined the superoperators
from
and
with F l being the equilibrium Fermi distribution in lead l. The last two lines of Eq. (8) describe the Markovian photon decay of a non-perfect cavity with an overall decay constant, κ, and a mean value of photons in the reservoirn R . The non-interacting electron gas in the leads is at temperature T = 0.5 K, corresponding to the thermal energy k B T ≈ 0.043 meV.
The charge and the charge-current density operators of the central system are
Due to the structure of the master equation (8) the timedependent average current from the left lead into the central system, and the current from it into the right lead can be calculated as
where Q = −e i d † d i is the charge operator of the central system. The current-current correlation functions are best written for the corresponding operators in the Heisenberg picture
and for a calculation of it in the steady state we redefine the time point t = 0 to refer to any time at which the system has reached its steady state. In the time domain a more convenient correlation function is
where δI l (τ ) = I l (τ ) − I l (τ ) , and the two functions are related via
as in the steady state I l (τ ) = I l ′ (0) = I(0). Despite the simple look of Eq. (17) one realizes that the construction of a current operator is not straight forward having in mind that the dissipation terms, Λ l [ρ S ; t], have the reduced density operator to the left, the right, or sandwiched between system operators. The solution is to use the concept of superoperators (of which the Liouville operator is one) or go one step further and use a Liouville space representation. [27] [28] [29] We take the latter option and express the mean value of the current as
where Λ l is a N 2 mes ×N 2 mes dimensional matrix in Liouville space representing the dissipation, the "vec" operation stacks the N mes columns of the matrix representing ρ S in the Fock space into a vector in Liouville space, and the "Mat" operation reverses that procedure. N mes = 120 is the number of many-body states in our Fock basis of cavity-photon dressed electron states.
Expression (21) suggests using QΛ l · as the current operator and the Quantum Regression Theorem (QRT) 30, 31 that is valid in the Markovian limit for weak systemleads coupling. 8, 14, [32] [33] [34] The QRT states that the equation of motion for the two-time correlation function is of the same form as the Markovian master equation for the reduced density operator of the system, but for an effective density operator, 32 which for the current correlation is
with H the Hamiltonian of the total system, ρ(0) its density operator after the on-set of the steady state, redefinig that point of time to be t = 0. Tr R is the trace operator with respect to the variables of the reservoir. The two-time average or the correlation function is then
where Tr S is the trace operation with respect to the state space of the central system.
III. RESULTS FOR ONE ELECTRON GROUND STATE AT Vg = 2.0 mV
We use two cases for different values of the plunger gate voltage V g to show how Rabi resonances influence and turn up in the steady state properties of the system in different ways. We select a rather narrow bias window with µ L = 1.4 meV, and µ L = 1.1 meV, and investigate the current-current correlations for two different cases in the steady state. For V g = +2.0 mV, when only the two spin components of the one-electron ground state are within the bias window. In this case the photon energy is selected to be ω = 0.72 meV to promote a Rabi resonance between the one-electron ground state and the first excitation thereof. The properties of the 32 lowest in energy many-body states of the system are displayed in Fig. 2 for the case of a y-polarized photon field. As we have discussed earlier, the symmetry properties of the states of parallel quantum dots lead to a large Rabi resonance for the y-polarization caused by the paramagnetic electron-photon interaction, but a very small resonance for the x-polarized field that is only caused by the diamagnetic part of the electron-photon interaction.
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These two resonances are shown in Fig. 3 .
The spectral densities of the current-current correlations, D ll ′ (E), are displayed in Fig. 4 , and the identity of the main peaks for the case of y-polarized photons (in the lower panel of Fig. 4 ) is listed in Table I . Not surprisingly, the almost degenerate two spin components of the one-electron ground state |03) and |04), the only states placed in the bias window, are the initial states for all transitions. The first two lines in Table I refer to transitions from both spin components of the one-electron ground state, |03) and |04), to the Rabi-split first excitation thereof, {|06) = R Fig. 4 for the spectral density of the current-current correlations in the case of a y-polarized photon field. gEM = 0.10 meV, Vg = 2.00 mV, ω = 0.72 meV, and κ = 10 −3 meV.
central system below the bias window, and the two next lines in Table I identify transitions to higher order states of the Rabi resonance, in the sense that the pairs {|11), |12)}, and {|13), |14)} have a mean photon number in the range 1 to 2. The last line in Table I is for the last peak easily visible in the lower panel of Fig. 4 which is caused by a transition to the states |16), and |17), that only have a very small photon component. This last fact conforms to that the last peak has the same size and location in the upper and lower panel of Fig. 4 , i.e. it is independent of the electron-photon coupling strength, g EM . An important point to notice is that the energy distance of the first two peaks reflects directly the Rabisplitting as the electron-photon coupling is increased from the upper to the lower panel in Fig. 4 . The spectral density of the photon-photon correlation reveals three peaks, 19 the so-called Mollow triplet, 35 but, here, in the spectral density of the current-current correlations there are only two peaks.
For an x-polarized cavity photons the Rabi splitting is much smaller, of the same order as the spin splitting in GaAs for B = 0.1 T, and a careful inspection of the data shows the Rabi resonance peak starting to split into two parts.
IV. RESULTS FOR TWO-ELECTRON GROUND
STATE AT Vg = 0.5 mV Now, we turn to a very different case in our system, by reducing the plunger gate voltage to V g = 0.5 mV. With the same bias window as before, we have only the two-electron ground state within it, a singlet, and might expect similar phenomena taking place as when only the one-electron ground state was within the bias window. Before analyzing the results, we remind the reader that there are one-electron states below the bias window, and in the weak coupling limit with only sequential tunneling between the leads and the central system the current through a two-electron state is very low. A third very important fact is that in a multi-state system, even though the photon energy is tuned close to a certain resonance, there can always be other weaker, more detuned, resonances at play in the system. This last fact is also a very good reason to include both the para-and the diamag- cavity photon field. It is proper here to remind the reader that the numbering of the photon-dressed electron states changes as the plunger gate voltage is changed. The plunger gate voltage is set at V g = 0.5 mV, and the two-electron ground state |06) is coupled to the first excitation thereof by selecting the photon energy ω = 2.0 meV, resulting in the Rabi split states |23) and |24). Due to the low current through two-electron states, the one-electron states just above the bias window, |07) and |08), play a key role in the transport through the system. For the x-polarized cavity photon field these states are the lower energy states in Rabi split pairs with the states |09) and |10) as the upper states, for photon energy E EM = ω ≈ 1.8 meV as can be seen in Fig. 6 . This splitting is only strong for the x-polarization as the underlying electronic states have odd parity in the xdirection, but even parity in the y-direction.
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The spectral density of the current-current correlations, D ll ′ (E), is shown in Fig. 7 , and the peaks are correlated with transitions in the central system in Table II. The first and the third transitions in Table II are Fig. 7 for the spectral density of the current-current correlations in the case of a y-polarized photon field. gEM = 0.05 meV, Vg = 0.5 mV, ω = 2.00 meV, and κ = 10 −4 meV.
between initial and final states with different mean photon number, radiative transitions. The energy of these transitions depends thus on the electron photon coupling, g EM , but the second and the last four transitions are independent of this coupling as the photon component of the final and initial states is low, mainly non-radiative transitions. This observation has to qualified with the fact that states |07) and |08) represent the lower branch of Rabi split pairs that are quite detuned leaving a only a small photon component in them.
The slight occupation of the one-electron states just above the bias window, |07) and |08), (see Fig. 8 ) leads to strong Rabi-oscillations in the current correlations that is manifested by a dominant peak in its spectral density at the energy of the Rabi splitting, 0.2428 meV shown in Fig. 7 . For V g = 2.0 mV, we had transitions from the one-electron ground state to the Rabi branches, but here at V g = 0.5 mV we observe an oscillation between the two Rabi states enabled by the special location of the states with respect to the bias window, even when the photon energy of the cavity, ω = 2.0 meV, is considerably detuned from the Rabi resonance at 1.8 meV. In Figs. 7 and 8 we see transitions that lead to the steady state occupation of both spin components of the one-electron ground state, |01) and |02), and other states below the bias win- dow. In addition, we see a slight occupation of the lowest in energy spin-triplet two-electron states, |14), |15) and |16), especially for the y-polarized photon field. Only a tiny occupation of the Rabi split two-electron states |23) and |24) that are in resonance with the two-electron ground state |06) can be seen in Fig. 8 .
V. SUMMARY
We have used the current-current correlation spectral density of a multi-state electron system placed in a photon cavity to calculate which transitions are active in the system in its steady state. The central system is weakly coupled to the external leads, but in it the electrons couple strongly to the cavity photons. In order to account for the influence of the geometry on the electron transport through the system we have had to include the electron-electron Coulomb interaction and both the electron-photon para-and diamagnetic interactions with numerical diagonalization in large many-body Fock spaces. 36 In a many-state system we find that it might be difficult to isolate individual resonances and thus we do not use the rotating wave approximation for the electronphoton interactions.
In order to effectively describe the transport in a system with diverse relaxation constants through many orders of magnitude for the time variable we have mapped a non-Markovian master equation into a Markovian master equation in Liouville space. 9, 26 We have selected the decay constant of the photon cavity, κ, (the coupling to the photon reservoir) to be of the same order of magnitude as the main relaxation channels of the electronic transitions to, or from, the leads.
For the one-electron ground state inside the bias window defined by the two external leads, we identify strong transitions to the Rabi split states of the first excitation of the ground state for an appropriate photon energy. Several other weaker transitions are seen in this case. In addition, we identify a transition to a higher order Rabi split state.
For the two-electron ground state within the bias window and photon energy coupling it to its first excitation, we see a neighboring Rabi resonance for one-electron states just above the bias window playing a strong role in the electron transport. In this case we also identify a transition between the two Rabi branches as they gain a slight occupancy in the steady stead.
It is important to notice that in the noise spectral density for the current-current correlation function we are able to identify both the radiative and the non-radiative many-body transitions active in the system maintaining its steady state. The height of the spectral peaks gives the weight or the strength of the different transitions, and their character, whether they are radiative or not can be found by varying slightly the electron-photon coupling. The peaks representing non-radiative transitions are stationary under that variation. The current noise power spectra are thus an important quantity to measure in experiments on the systems to analyze their dynamics.
Our results point out, the importance of, and the opportunities in using the interplay of geometry and photon polarization in transport of electrons through a nanoscale electron system in a photon cavity. The double parallel quantum dots is the simplest system offering clean separation of effects with its clear anisotropy.
